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Is a Large Bandwidth Mandatory to Maximally Exploit
the Transmit Matched-Filter Structure?

Guido Carlo Ferrante, Student Member, IEEE

Abstract—Transmitted signals can be focused in time or space,
i.e., at a particular receiver location, by introducing a prefilter
in the transmitter. Prefiltering also allows containing intersymbol
and multiuser interference. Performance bounds in terms of sig-
nal-to-noise ratio gain, which is achievable by prefiltering, depend
on both transmitted signal bandwidth and channel characteristics.
This paper analyzes the aforementioned dependence for transmit
matched filters, which are also known as time-reversal prefilters,
and channels with multipath. Theoretical results show that single-
cluster channels verify a condition by which the gain is monotonic
nondecreasing with bandwidth. Multicluster channels, such as
those described by the Saleh–Valenzuela model, seem to follow a
similar behavior, as suggested by simulation of the IEEE 802.15.3a
channel model. As such, the transmit matched filter is particularly
suitable for signals with large bandwidths, as in acoustics and
ultrawideband communications.

Index Terms—Transmit matched-filter, time-reversal, ultra-
wideband (UWB), linear transceivers.

I. INTRODUCTION

THE interplay between transmitted signals, that are under
designer’s control, and channel, that is set by Nature, has

an impact on system performance bounds. For systems with
prefiltering, the dependence of performance bounds in terms of
signal-to-noise ratio (SNR) on both bandwidth and channel has
not been specifically addressed. For particular contexts, such as
ultra-wideband (UWB) communications, the general claim is
that the larger the bandwidth the higher the SNR. The intuition
is that, while bandwidth grows, the prefilter can take advantage
of an increased fraction of the channel; this intuition, however,
has not been thoroughly investigated.

The goal of this paper is to address the above issue by inves-
tigating whether increased bandwidth implies increased SNR,
when the channel is affected by multipath. To this end, two
different transceiver structures are considered in the analysis. In
the first structure, a simple pulse, i.e., a zero-excess bandwidth
pulse as will be further defined, is transmitted. In the second
structure, the same zero-excess bandwidth pulse is filtered by
a transmit matched-filter [1]–[3], that has an impulse response
proportional to the time-reversed version of the channel impulse
response. In acoustics [4], [5], and UWB [6], this prefilter is
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known as time-reversal, although its first appearence may go
back to [7], [8], where it was introduced as pre-Rake. These
two structures are compared based on the SNR gain G, that is
achievable by introducing prefiltering.

The paper is organized as follows: Section II contains the two
reference system models and defines the system performance
measure. Results are presented and discussed in Section III.
Section IV contains the conclusion.

II. SYSTEM MODEL AND PERFORMANCE MEASURE

The two transceiver structures under analysis are shown in
Fig. 1. No Intersymbol Interference (ISI) is assumed, e.g.,
either one symbol only, or symbol sequences with symbols
modulating waveforms with vanishing crosscorrelations at the
receiver, are transmitted.

In Structure 1, the transmitted signal is x1(t) = bψ(t), where
ψ(t) has unit energy and b is the symbol to be transmitted, with
E[|b|2] = E . The noiseless received signal y1(t) is, as a function
of frequency, ŷ1(f) = bψ̂(f)ĉ(f), where ĉ(f) is the channel
transfer function.

In Structure 2, the transmitted signal is x2(t). As a
function of frequency, one has x̂2(f) = x̂1(f) ·

√
ξĉ∗(f) =

bψ̂(f)
√
ξĉ∗(f), where ξ is a constant such that x1(t) and x2(t)

have same energy E . Structure 2 requires a perfect knowledge
of the channel at the transmitter. The noiseless received signal
y2(t) is as a function of frequency: ŷ2(f) =

√
ξ · bψ̂(f)|ĉ(f)|2.

In the two structures, n(t) is a White Gaussian Noise pro-
cess with spectrum height σ2 = N0/2, and the receiver is a
matched-filter followed by a sampler. Based on the no-ISI
hypothesis, the channel can be modeled as Additive White
Gaussian Noise (AWGN). In the first structure, the received sig-
nal r1(t) = y1(t) + n(t) is projected onto a waveform propor-
tional to y1(t). In the second structure, r2(t) = y2(t) + n(t) is
projected onto a waveform proportional to y2(t). The projection
of the generic received signal rk(t) onto yk(t), k ∈ {1, 2}, is:

〈rk, yk〉 = 〈r̂k, ŷk〉 Δ
=

∫
R

r̂k(f)ŷ
∗
k(f)df

= 〈ŷk, ŷk〉+ νk, (1)

where νk is a real Gaussian random variable (r.v.) with
Var[νk] = σ2〈ŷk, ŷk〉 = σ2‖ŷk‖2. The SNR at the receiver,
after the sampler, is:

SNRi
Δ
=

E

[
|〈ŷi, ŷi〉|2

]
Var[νi]

. (2)

With reference to Fig. 1, one has SNR1 = (E/σ2) · ‖ψ̂ĉ‖2 and
SNR2 = (E/σ2) · ‖ψ̂|ĉ|2‖2/‖ψ̂ĉ‖2.
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Fig. 1. The two reference system models. Structure 1 corresponds to a traditional transmission with no prefiltering at the transmitter and matched-filtering at the
receiver. Structure 2 corresponds to prefiltering at the transmitter with transmit matched-filter, and matched-filtering at the receiver. In both structures, ψ(t) is a
zero-excess bandwidth waveform. It is assumed that prefiltering does not alter energy, that is, x1(t) and x2(t) have same energy E .

Gain G allows comparison of the two structures and is
defined as follows:

G
Δ
=

SNR2

SNR1
=

∥∥∥ψ̂|ĉ|2∥∥∥2
‖ψ̂ĉ‖4

. (3)

For the sake of simplicity, ψ(t) is assumed as a zero-excess
bandwidth waveform with band [−W/2,W/2], i.e., ψ(t) =√
W sinc(πWt), where sincx

Δ
= (sinx)/x, for which SNR1

and SNR2 become:

SNR1 =
E
σ2

· 1

W

∫ W
2

−W
2

|ĉ(f)|2 df, (4)

SNR2 =
E
σ2

·
∫ W

2

−W
2

|ĉ(f)|4 df
/∫ W

2

−W
2

|ĉ(f)|2 df, (5)

and gain G is:

G = W ·

∫ W
2

−W
2

|ĉ(f)|4 df[∫ W
2

−W
2

|ĉ(f)|2 df
]2 =

W

2
·

∫ W
2

0 |ĉ(f)|4 df[∫ W
2

0 |ĉ(f)|2 df
]2 . (6)

Gain G also provides a hint on performance in the coded
regime, as measured by maximal mutual information Ik =
1/2 ln(1 + SNRk), k ∈ {1, 2}, nats/channel use. Since the sys-
tem is baseband, the no-ISI hypothesis holds, for example, by
making the symbol period Ts greater than the channel delay
spread Td, by which Ik = (1/Ts) · (1/2) ln(1 + SNRk) nats/s.
Similarly to the SNR gain G, an information gain GI can be
defined as follows:

GI
Δ
=

I2
I1

=
ln(1 + SNR2)

ln(1 + SNR1)
=

ln(1 +G · SNR1)

ln(1 + SNR1)
.

In the low-SNR regime (SNRk � 1, k ∈ {1, 2}) one has GI ≈
SNR2/SNR1 = G, hence GI reduces to G. In the high-SNR
regime (SNRk 
 1) one has GI ≈ ln(SNR2)/ ln(SNR1) =
1 + ln(G)/ ln(SNR1), and for channels with bounded G, e.g.,
multipath channels, GI reduces to unity as SNR1 → ∞. G
is, therefore, the most important parameter to be analyzed to
determine performance of systems in both uncoded and coded
regimes, under the no-ISI hypothesis.

III. SYSTEM ANALYSIS BASED ON GAIN G

In this section, we find the lower bound of G and the
asymptotic value of G as W → ∞ for multipath channels
(Section III-A), and derive a necessary and sufficient condition
for G to be a monotonic non-decreasing function of W , also

showing examples and counterexamples of channels verifying
the condition (Section III-B).

A. Gain G Limit Values

1) Lower Bound of G: By applying the Cauchy-Schwarz
inequality to the denominator of eq. (3), one has ‖ψ̂ĉ‖2 =

〈ψ̂, ψ̂ĉ∗ĉ〉 ≤ ‖ψ̂‖ · ‖ψ̂ĉ∗ĉ‖. Therefore, G ≥ 1, implying that
Structure 2 in Fig. 1 cannot underperform Structure 1. Equality
is achieved iff ψ̂ ∝ ψ̂ĉ∗ĉ, i.e., iff |ĉ(f)| is constant for f ∈
supp ψ̂

Δ
= {ν ∈ R: ψ̂(ν) �= 0}, as can also be directly shown

by methods of variational calculus. The minimum gain G = 1
is thus obtained when the magnitude of the channel transfer
function is nonzero and flat, for frequency intervals where the
amplitude of the spectrum of transmitted signals is nonzero.
Typically, this is true when the channel is perfect (channel
transfer function with constant amplitude) at least within the
transmitted signal bandwidth. This condition easily holds for
narrowband communications.

2) Asymptotic Value of G as W → ∞: Consider the follow-
ing multipath channel:

c(t) =
∑
k≥0

α(τk)δ(t− τk), (7)

where τk and α(τk) ∈ R are delay and amplitude of ray k.
Eq. (7) also models realizations of channels with clusters. Sup-
posing that a same interarrival time between two consecutive
rays is not possible,1 it can be shown that [9], as W → ∞, the
gain is:

G = 2−
∑
k≥0

α(τk)
4

/[∑
k≥0

α(τk)
2
]2
, (8)

and, therefore, G < 2 irrespective of channel amplitudes.

B. Slope of G vs. W

From above, G is bounded as follows:

1 = lim
W→0

G(W ) ≤ lim
W→∞

G(W ) < 2.

In this section, the condition by whichG(W) is a monotonic non-
decreasing function is derived. For the sake of generality, the
condition is derived for random channels, but it can be applied

1This hypothesis often holds with probability one for random channels, since
interarrival times are usually independent.
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Fig. 2. Average gain E[G] vs. W/λ for channel models CM1-CM4 of the
IEEE 802.15.3a standard [10], and single-cluster models SM1-SM3, that refers
to channel of eq. (7), with parameters (λ, γ, σr) equal to (2, 4, (1/2)), (2,
2, (1/4)) and (2, 2, (1/2)), respectively, where 1/λ and γ are expressed in
nanoseconds.

to nonrandom channels as well. Suppose that G(W ) is random,
with average E[G]. The slope of E[G] is nonnegative iff:

d

dw
E[G] ≥ 0, ∀w > 0, (9)

where w
Δ
= W/2.

Fig. 2 shows E[G] vs. W/λ obtained by means of Monte-
Carlo simulations for UWB channels following the IEEE
802.15.3a standard model [10], where 1/λ is the average intra-
cluster interarrival time between two rays, with values in the
range [0.4,2] nanoseconds. Fig. 2 suggests that channel models
valid for very large bandwidths, up to several gigahertz, verify
eq. (9).

Also shown in Fig. 2 is when a signal can be considered as
narrowband, wideband or UWB, as a function of the statistical
parameters of the channel it experiences. In a multipath chan-
nel, most of the power lies in [0, Td], i.e., [0, 1/Bcoh], where
Bcoh is the coherence bandwidth. When W < Bcoh, there is
about only one resolved path. Bcoh may serve, therefore, to
define narrowband signals, the condition being W < Bcoh.
Similarly, λ may define UWB signals, the condition being
W > λ, for which a significant fraction of the multipath com-
ponents can be resolved. For W ∈ [Bcoh, λ], the signal may be
considered as wideband.

In general, a direct computation of E[G] is a formidable
task, even for simple models that do not account for cluster-
ing. Therefore, a condition, that does not require the explicit
knowledge of E[G], for eq. (9) to hold, is derived below.

Proposition 1: Let ĉ(f) be the frequency response of a real-
ization of a random multipath channel, and denote by S(f) =
|ĉ(f)|2 its squared magnitude. Then E[G] is a monotonic non-
decreasing function, i.e., condition of eq. (9) holds, iff:

F (w)
Δ
=

1

w2

∫ ∫
[0,w]2

E
[
S(f1)S(f2)

2
]
df1df2

+
1

w

∫
[0,w]

E
[
S(f)S(w)2−2S(f)2S(w)

]
df≥0. (10)

Proof: Interchange differentiation and expectation opera-
tors in eq. (9), and compute dG/dw; then discard the denom-

Fig. 3. (F (w)/maxu)F (u) vs. w/λ (dB) for the single-cluster channel
model and different (λ, γ, σr) configurations. Solid curve: (2, 2, (1/2)), (2,
2, (1/4)). Dashed curve: (4, 2, (1/2)), (2, 4, (1/2)). 1/λ and γ are expressed
in nanoseconds. F (w) is positive, showing that eq. (10) is verified.

inator, since it is always positive, and interchange the order of
expectations and integrations. �

Note on eq. (10) that F (w) is the derivative of E[G] up to a
positive factor depending on |ĉ(f)|2.

An example of a channel model that verifies eq. (10) is
the “Single-cluster Model” (SM). This model is similar to the
IEEE 802.15.3a-CM1 [10] when restricted to the first cluster. In
particular, the SM channel impulse response is given by eq. (7),
where {τk}k≥0 and {α(τk)}k≥0 are random variables. Interar-
rival times {τk+1 − τk}k≥0 are independent and exponentially
distributed with average E[τk+1 − τk] = 1/λ. Conditioned on
τk, the distribution of the path amplitude α(τk) is an even func-
tion, and |α(τk)| follows a log-normal distribution. Even con-
ditional moments are E[α(τ)2n|τ ] = (Ω0e

−(τ/γ))ne2n(n−1)σ2
r

for n ≥ 1, where γ > 0 is the ray decay factor, σr is the stan-
dard deviation of the Gaussian r.v. generating the log-normal
r.v., and Ω0 is the variance of α(0). Odd conditional moments
are nil. In order to compute E[S(f1)S(f2)

2], the approach
proposed in [11] for E[S(f1)S(f2)] is generalized here:

E

[
M∏
i=1

S(fi)

]

= E

{∑
k1≥0

. . .
∑

k2M≥0

E

[
2M∏
m=1

α(τkm
)| {τkn

}2Mn=1

]

exp

[
−j2π

M∑
�=1

f�(τk2�−1
− τk2�

)

]}
, (11)

that, for M = 3 and f3 → f2, provides E[S(f1)S(f2)
2]. In

the right-hand side of eq. (11), the inner expectation is over
amplitudes conditioned on delays {τkm

}2Mm=1, and the outer
expectation is over delays only. Inner expectations are nonzero
iff the set {α(τk1

), . . . , α(τk2M
)} can be partitioned into sub-

sets with even cardinality. With probability one, the set of
indices {k1, . . . , k2M} can be equivalently partitioned. Logical
conditions ensuring the partition can be derived. In the simple
case of M = 2, there are four logical conditions, i.e., k1 =
k2 = k3 = k4; k1 = k2 �= k3 = k4; k1 = k3 �= k2 = k4; k1 =
k4 �= k2 = k3. For M = 3, there are 31 logical conditions, that
are not reported here for brevity. Once the conditions are set, the
closed form expression of E[S(f1)S(f2)2] can be derived, since
each inner expectation is equal to an even conditional moment
with appropriate order. Fig. 3 represents F (w), normalized to
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Fig. 4. Gain G vs. Wτ1 for the two-paths channel c(t) = δ(t) + αδ(t− τ1)
with α ∈ {0, (1/4), 1}. For α �= 0, G is not monotonic non-decreasing: there
exist local maxima and minima, and a global maximum (see dots) with respect
to Wτ1 (indicated by vertical lines) depending on α.

its maximum, for different γ and σr values, and shows that
F (w) is positive for any relevant w.

A channel that does not verify eq. (10) is as simple as a two-
paths nonrandom channel with impulse response c(t) = δ(t) +
αδ(t− τ1), α ∈ R, τ1 > 0. Since the channel is nonrandom,
E[G]=G. The channel frequency response squared magnitude is:

S(f) = |ĉ(f)|2 = 1 + α2 + 2α cos(2πfτ1). (12)

The limit case α = 0 reduces to the channel with constant
spectrum (c.f. Section III-A). The value of G as Wτ1 → ∞
is (1 + 2α2)/(1 + α2)2, that is maximum for |α| = 1, for
which G = 3/2. Fig. 4 shows G vs. Wτ1 for α ∈ {0, (1/4), 1}.
Note that, for any fixed α, there exists an optimum Wτ1 that
maximizes G (see dots on figure for α = 1/4 and α = 1). For
example, for α = 1, the maximum gain is reached for Wτ1 ≈
1.32465, and is equal to G ≈ 1.80905. Fig. 4 shows that G is
not monotonic non-decreasing with W for any α.

IV. CONCLUSION

This paper investigated whether a large bandwidth is manda-
tory to maximally exploit the potential benefits of the transmit
matched-filter, in the absence of ISI. To this end, two transceiver
structures, with and without prefiltering, were compared based
on a parameter indicating the SNR gain G achieved by intro-
ducing the prefilter. Performance depended on both transmitted
signal bandwidth W and channel frequency response squared
magnitude. Limit values of G when the channel is affected by
multipath were derived, for W → 0 and W → ∞, and it was
proven that G for W → 0 reaches the minimum, and is equal
to one. A condition for G to be a monotonic non-decreasing
function of W was also derived for generic random channels.
This condition was then specified for single-cluster multipath
channel models, and verified in the particular case of exponen-
tially distributed interarrival times and absolute path amplitudes
following a log-normal distribution. Simulation experiments
of channels following the IEEE 802.15.3a standard channel
model showed a monotonic non-decreasing gain in W for the
four models of the standard, suggesting that G may also be

monotonic non-decreasing for channels with clusters. However,
the analysis of a channel with two paths only was shown to be
a very simple counterexample, for which the gain was not a
monotonic function of W .

In conclusion, a large bandwidth is not mandatory to achieve
a maximum gain with transmit matched filter, although this
seems to be the case for models describing realistic channels,
such as the IEEE 802.15.3a model.

Results were obtained in terms of SNR gain G. As discussed
in Section II, an information gain GI can be defined, similarly
to G, as the ratio between the mutual information achieved
with and without prefiltering. It was proven that, under the no-
ISI hypothesis, GI essentially reduces to G. This would be no
longer true if the no-ISI hypothesis were removed, in which
case an achievable “capacity gain” should be analyzed. This
will be the goal of future work together with two generalization:
1) channel models that expand beyond multipath; 2) prefilter
structures that expand beyond transmit matched-filters. Prelimi-
nary investigations focusing on Gaussian vs. bandpass channels
suggest that, in this case, G may be unbounded due to dramatic
loss of efficiency without prefiltering.

Finally note that a prefilter that is proportional to
(ĉ∗(f)/(|ĉ(f)|2 + λ)) encompasses transmit zero-forcing and
transmit MMSE, for particular values of λ, and therefore the
current setting may serve towards a deeper understanding of
prefiltering effects beyond the transmit matched-filter case.
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